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Let V be a disjoint union of r finite sets Vi,...,Vr (“colors”). A collection T of subsets of V is
colorful if each member if T contains at most one point of each color. A k-dimensional colorful tree
is a colorful collection T of subsets of V, each of size k+1, such that if we add to T all the colorful
subsets of V' of size k or less, we get a Q-acyclic simplicial complex Ayp.

We count (using the Binet—Cauchy theorem) the k-dimensional colorful trees on V (for all
k), where each tree T is counted with weight |f1k—1(AT)[2 (H+ = reduced homology). The result
confirms, in a way, a formula suggested by Bolker (for k=r —1). It extends, on one hand, a result
of Kalai on weighted counting of k-dimensional trees and, on the other hand, enumeration formulas
for multi-partite (1-dimensional) trees. All these results are extensions of Cayley’s celebrated tree-
counting formula, now 100 years old.

1. Introduction

Let V=V U...UV;, be a disjoint union of finite sets with |V;|=n; (1<i<r),
T

|[V|=n=3_ n;. The elements (vertices, points) of each V; are said to have “color” i
i=1

(1<i<r). Let A be the set of all subsets of V which contain at most one point of

each color:

A={SCVI|(¥)ISNVi <1}

A is a pure (r —1)-dimensional simplicial complex, the complete colorful complex on
V. For every integer k let A, ={S€A||S|=k+1}, the set of k-dimensional simplices
in A (Ag=0 unless —1<k<r-1). For a subset TC Ay let Ap=TUA;_;U...UA_;.
Ar is a simplicial subcomplex of A.

Deﬁn:ition 1.1. A k-dimensional A-tree is a subset T'C Ay such that:

(i) Hy(A7)=0,

(ii) Hy_1(A7) is a finite group.

Here H;(A7) denotes the i-th reduced homology group of Ap with integral
coefficients (refer to [8] or [9] for this and other standard terms and results from
algebraic topology).

For k=1, a 1-dimensional A-tree is simply a spanning tree of the 1-skeleton of A
(i.e., the graph with vertex-set Aqg and edge-set A1). In general, multi-dimensional
A-trees have the following properties (to be proved later).

Proposition 1.2.
(a) For T C Ag, any two of the following conditions imply the third (and are
equivalent to T being a A-tree):
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(1) Hx(Ar)=0,
(2) Hy_ 1(AT) is a finite group,
k .
3) |T|= 2( rle;(ny,...one)= Y (21 1)ej(m~1,...,np 1), where ¢; is
§=0

the i- th elementary symmetric function.

(b) Any T C Ay satisfying (1) above is contained in a A-tree. Therefore TC Ay is a
A-tree iff it is (inclusion) maximal among the subsets of Ay, satisfying (1).

(c) Any T C A} satisfying (2) above contains a A-tree. Therefore T C Ay is a A-tree
iff it is (inclusion) minimal among the subsets of Ay, satisfying (2).

For k=1 this amounts to saying that a spanning tree, an (inclusion) maximal
forest and an (inclusion) minimal connected spanning subgraph of Aj are equivalent
terms, and they have |Ag|—1 edges.

How many k-dimensional A-trees are there? While discussing the (high dimen-
sional) transportation problem, E. D. Bolker (2] wrote that “it is tempting, on nu-

T .
merological grounds, to guess” that there are [] nX* (r—1)-dimensional A-trees (here
=1

xi= [[(n;—1)). He proved this result in case that n; <2 for all except at most two

J#i

n-2

values of ¢ (1 <i<r). Bolker also suggested the formula n{"%") for the total num-
ber of k-dimensional trees on n (labelled) vertices (in our notation: k-dimensional
A-trees with ny =...=n, =1). However, he himself noted that both formulas are
false, except for very small values of the parameters.

It turns out that both formulas are indeed true, provided that we use proper
weights while “counting” trees.

Definition 1.3. For 1<k<r-1, let

Tk =Y |Hp_1(A7),
T

where the sum extends over all k-dimensional A-trees.
Such a weighted counting was introduced by G. Kalai, who proved (indepen-
dently of Bolker’s work):

Theorem 1.4. (Kalai, 1983 [6]) The weighted enumeration of k-dimensional trees in
the (n —1)-dimensional simplex is

se=al"s)  (1<k<n-1).

Kalai later suggested that Bolker’s formula may be similarly justified for the
colorful case as well. Our main result, contained in the following theorem, is that
this is indeed the case. In fact, we “count” the k-dimensional A-trees for all values
of k.

Theorem 1.5. For DC{1,...,r} let:
= |D|
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=Y m

i¢D
Tp = H(nz -1).
€D
Then, for 1 <k <r—1:
rk2dd 7"D
Ek = H UD

d<k

m~—1
m

(using the conventions: (™) =0 for m>1, (”01) =1 and an empty product =1).

For k=r—1 this indeed gives Bolker’s formula:

T,y = H (r 1- d)”D H 0. Han Xi = H(nJ -1)

d<r—1 d=r-1 J#1

Note that the case k =r — 1 is special in the sense that the product for ¥,_;
contains, eventually, only powers of op for which |D|=r —1, whereas — for other
values of k — Xy is a product of powers of op for all D with |D|<k.

In the other extreme case (k =1) — a l-dimensional A-tree is simply a span-
ning tree (in the usual graph-theoretic sense) of the complete multi-partite graph
Kny,..n.- Since Ho{Ar) is always a free abelian group, it is a finite group iff it is
trivial. Therefore all spanning trees appear in ¥; with unit weight, and we obtain
from Theorem 1.5

Theorem 1.6. (Austin, 1960 [1]) The number of ( 1-dimensional) spanning trees of
the complete r-partite graph Kn, . n, (having n; vertices of color i, for 1<i<r) is

T T
£ =n""2 H(n —n;)t (n = Zni, r> 2) .
=1 =1

In particular,

Theorem 1.7. (Fiedler and Sedlagek, 1958 [4]) The number of spanning trees of the
complete bipartite graph Ky, n, is

21 = n?z -1 31 1
As mentioned above, Kalai’s result (Theorem 1.4) is the special case ny=...=

ny =1 of Theorem 1.5. It is also worth mentioning that all the results listed above
are extensions of the celebrated

Theorem 1.8. (Cayley, 1889 [3]) The number of spanning trees of the complete graph
K, is
1= n"2,

This paper is divided as follows: Section 2 contains a proof of Proposition 1.2,
using some algebraic topology. Section 3 contains a (A-tree) version of the matrix
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tree theorem, which leads to the expression of LxX;_1 (1 <k <r-—1) in terms
of the eigenvalues of certain matrices. Section 4 contains a computation of these
eigenvalues in the special case k = r — 1, thus evaluating X,_1%,_5. Finally, in
Section 5, we compute the eigenvalues in the general case (using the case k=r—1 as
a building block), leading to evaluation of X;X;_y and X, for all k. This central step
is somewhat indirect, using a seemingly ad-hoc but potentially fruitful construction
(see also remark (a) in Section 6). Section 6 contains some concluding remarks.

2. Colorful k-Dimensional Trees

This section contains a proof of Proposition 1.2, stating the equivalence of various
definitions of a k-dimensional A-tree. Throughout the section A will denote the
complete colorful complex defined in Section 1, and 1 < k < r —1 will be fixed.

Bi(A7) will denote the i-th reduced Betti number of the simplicial complex Ap (TC
Ay, 0<i<k).

k _
Notation 2.1. t;, = 3 (—1)k~%e;(ny,...,n,), where ¢; is the i-th elementary symmet-
1=0
ric function. (By definition, eg(ny,...,nr)=1.)

We need the following lemmas (to be proved in the sequel).

k .
Lemma 2.2. ty=Y" ("1 Dej(n—1,...,n,—1).
=0

T
]=
Lemma 2.3. For any T C Ay, Bk (A1) —Bk_1 (A7) =T~ tg.

Lemma 2.4. .

(a) If TC Ay satisfies B(Ar)=0 and is (inclusion) maximal among the subsets

of Ay, with that property, then T is a A-tree.

(b) If T C Ay, satisfies Bx_1(A7) = 0 and is (inclusion) minimal among the

subsets of Ay, with that property, then T is a A-tree.

Lemma 2.3 implies part (a) of Proposition 1.2, since any two of the conditions
Br(AT) =0, Be_1(A7) =0 and |T| =t imply the third. Note that Hj, =0 ;=
0 for a k-dimensional simplicial complex. Lemma 2.4 implies parts (b) and (¢) of
Propaosition 1.2.

Proof of Lemma 2.2. By definition, for 1<i<r:
ei(ny,...,nr) = Z{nal “ooong [ 1 <ap <... <o <r (integers)}
and, by convention, eg(ny,...,np)=1. Writing nz=(nt—1)+1 (t=0y,...,a;) and

multiplying, we obtain: ng, ... no; =3 {(ng —1)-...-(ng; —1) [0 < j <4, and
(B1,---,B;) is a sub-sequence of (a,...,a;)}. Therefore

1 .
7‘_
e;(ny,...,np) = E (z J)ej(nl—l,..‘,nr—l)

i=0 M
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where (::;) is the number of sequences (a1,...,a;) (1<a;<...<o;<r) of which a
given (f1,...,0;) is a sub-sequence. Finally,

tk=zk:(—1)k_ (n1, . Zc] ej(n1—1,...,nr — 1)
where = \
z; v(isy) = e e (1) (50)]
-;} 02 ()
( ]f1> k- % n”**(TZfEI)

=j
B r—j~1 B r—j—l .
"\ k-7 ) \r—k-1)
Proof of Lemma 2.3. For T'C A, the Euler-Poincaré formula for the (k-dimensional)
simplicial complex Arp is:
k . k .
Y (-1'Bi(Ar) = ) (-1 fi(Ar)
i=0 =1
where f;(Ar) is the number of ¢-dimensional simplices in Ar, i.e.:
. (1A -1<i<k-1,

Now, since the (k—1)-skeleton of Ar is the same as that of A, we obtain HiAr)=
H;(A) and B;(A7)=8;(A) for 0<i<k—2. The Betti numbers of A are well known

(see, e.g., [2]):

0 otherwise.
Since k—2<r —1, we conclude that 3;(Ar)=0 (0<i<k-— 2). Summing up:

(-1*Bp(Ar) + (=1 1B_1 (A7) = (-1)k|T| + Z( ~1)"|A].
1=—1
Now obviously |A;|=¢€;4+1(n1,...,n,) (-1<i<r—1), and therefore
k

Br(AT) = Be—1(A7) = IT) = D (1) Pes(n1,. .., nr) = |T) ~ t. i
i=0
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Proof of Lemma 2.4.

(a) It is more convenient to use here homology groups with rational coefficients.
Note that 3;(Ag) =dimg Hi(Ar;Q) (as a vector-space over Q).
For any T C Ay, adding a k-simplex to T either increases fi(Ag) by one or
decreases fBj_1(Ar) by one, but not both (depending on whether the added
simplex compeletes a k-cycle with rational coeflicients or not). Assume now
that T is (inclusion) maximal among the subsets of Ay satisfying Bx(Ar) =
0. Adding any k-simplex to T increases B(A7) and therefore does not change
Bi_1(Ar). This means that the boundary of any k-simplex not in T is already
in By_1(A7;Q), the group of boundaries of k-chains supported on T'. Therefore
B;,_1(A;Q)=Bj,_1(A7;Q). Since A and Ag have the same (k—1)-skeleton, this
implies that B;_1 (A7) =PB_1(A)=0 (since k—1<r—1). Hence T is a A-tree.

{(b) The proof is similar to the previous one (deleting k-simplices from T instead of
adding them). We conclude here that no simplex of T participates in any k-cycle
supported on T, so that B;(Ar)=0. |

3. The Matrix Tree Theorem for A-Trees

We are about to prove a A-tree version of the matrix tree theorem (Theorem
3.4) which will serve as the basis of our enumeration efforts. The idea to use such
a result to “count” multi-dimensional trees is due to Kalai [6]. However, we shall
have to take a less direct approach because of the technical complexity of our more
general setting (see also remark (c) in Section 6).

Recall first a few notations: Ci(A), the group of k-dimensional chains of A, is
the free abelian group generates by the elements of Ag. 9 :Cr{A)— Cr_1(A) is the
usual boundary map. (For k=0 this is the augmentation map sending each vertex to
@, the generator of C_1(A).) Ci(A) has a standard basis, consisting of the elements
of Ay (arbitrarily oriented); similarly for Cp_1(A). Let [9;] denote the matrix (of
size |Ag_1| X |Ag|) representing G, with respect to these standard bases (arbitrarily
ordered).

In the sequel we shall find it convenient to refer, occasionally, to A-trees of
dimensions 0 and —1. Definition 1.1 may still be applied (where, as customary,
H_1(Ap)=0 for Ap#{0}, H_1({0})=2Z and H_5(Ar)=0 for all Ar). Proposition
1.2 trivially holds: A 0-dimensional A-tree consists of a single vertex, and a (—1)-
dimensional A-tree is empty (tg=1, t_1=0).

Lemma 3.1. Let t;, be as in Notation 2.1. Then:
(a) rank (O] =1,
(b) |Ak—1]=tk+1x—1.

Proof.

(a) rank[0f] is the maximal number of linearly independent columns of [}, i.e. the
maximal size of a subset T C A, s.t. Hi(Ap)=0. By proposition 1.2 ((a) and
(c)) this is exactly .

(b) By the definition of ty, t;+tr_1=ex(n1,...,nr)=|A%_1]| ]
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For an arbitrary matrix A, with rows indexed by the elements of a set M and
columns indexed by the elements of a set N, and for arbitrary subsets ICM, JCN
-—let Aj ; denote the sub-matrix of A consisting of the elements in rows indexed by
I and columns indexed by J.

Theorem 3.2. Let 0<k<r-1 and let T, C Ay, Ty C A satisfy |[Ti|=|Te_1]|=
rank [8]. Let Ty 1 =Ag_1\Tk-1 and denote dzdet([ak]Tkﬁl_Tk). Then

(i) d#0<=1T}, and T),_; are A-trees (of dimensions k and k — 1, respectively).

(ii) If d&#0 then d=+|Hy_1(Aq,)|- | Hr-o(A7, ).

Proof. The square sub-matrix [8’“]7}‘11’5 can be considered as representing the

boundary map 9, : Cr(Ar,, A7) = Cr_1(ATy,, A7, _,) of the relative complex
(AT, ,Ar, ) with respect to the standard bases of Cy and C_. Therefore:

d# 0 <= kerdy = 0 <= Hy(Aq, . Ar,_,) =0.
Recall the long exact sequence of reduced homology for the pair (Ag,,Ag,_,):
(*) ..o H(Aq_,) — Hi(Ag) = Hi(Ar, A, ) — Hio1(Ag,_,) — -

If d = 0 then Hy(Ar,,Ar,_,) #0, so that Hy(Ar,) and Hy_1(A7, ) cannot
both be zero. Therefore T}, and Tk_1~cannot both be A-trees.
Assume now that d # 0. Since Hyp(Ar, )= Hp(Ar,, A7, ) =0 we conclude

from the exactness of () that fIk(ATk) =0. Since |T}|=rank [0;] =t), we conclude
by Proposition 1.2(a) that T}, is a A-tree. The exact sequence (*) now reduces to

(%) 3 )
0— Hy_1(Ar,_,) = Hye—1(Aqy) = Hy_1(Aqy,, Aqy ) = Hi_2(Ap, ) — 0

(since Hy_a(Ag,)=Hy_2(4)=0). i

Ty is a A-tree = Hy_ (A7) is finite = (by exactness of (x+)) Hy_1(Ar,_,)
is finite. (In fact, fIk—l(ATk_l) =0 since it is always a free abelian group.) Since
ITi—1|=|Ak—1|—tg=tk—1 (by Lemma 3.1), we deduce from Proposition 1.2(a) that
Ty_1 is a (k—1)-dimensional A-tree. This proves (i).

Finally — recall the interpretation of [8k]Tk T, 8s representing the boundary

N S -

map O : Cy(Ar,, A7, _,) = Crai (A7, &7, ) of the relative complex (Ag,, A, )

with respect to the standard bases of Cj;, and Cy_1. Those Ci and Cy_; are free
abelian groups of the same rank |Tj| = |Ak_1|~|Tk-1], so that if d #0 then |d| is

equal to the size of the quotient group Cj_1/9(Cy) = Hy (A7, AT, ;) (Ck—1=
kerd_, since Cx_g = 0). Using (x*) with Hk—l(ATk_l) = 0 we obtain the exact
sequence (of finite groups)

0 — Hy_1(AT) = He-1(Agys A1) — Hy_a(Bp, ) =0
from which we conclude that

|d| = |Hg_1 (A7, A1y )| = [He—1(AT,)| - | Hk—2(AT, ).

Recall now
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Proposition 3.3. (Binet—Cauchy Theorem [5]) Let A and B be rectangular matrices
of sizes m x n and n x m (respectively). Assume that m<n. Then

det(AB) = Y det(Apy),r) det(By fm))-
{l=m

Here {m]={1,...,m} and I passes over all m-element subsets of [n].

Theorem 3.4. Let £j, (1<k<r—1) be as in Definition 1.3 and define Yg=n, L_1=1.
Then, for all 0<k<r—1, T X1 is equal to the product of all nonzero eigenvalues

of any one of the matrices [0;]*[0], [0x][0k)t (? denoting transpose).

Proof. The product II of all nonzero eigenvalues of a (complex) square matrix M is
equal to the sum of all principal minors det(My ;) with |I| equal to the rank of M.
Since
rank ([0y]}[0k)) = rank (0] = t
we get for M = (9] [0k]:
> det(([Bk)!0k))7, 1)

TkgAk,
| T |=tg

Now use Proposition 3.3 with A= ([ak]t)Tk,Ak_1 and B=(0k]a,_,,T,. to get

det(Bkl'lOkDmm = Y det((Bkl), 7,,_,) det((Bklz, , 1)
Te-1C4—1,
1Te_11=tg
and therefore
n= ) [det((Blg_ 1)
| Tk =|Th~1 1=tk

From Theorem 3.2 we get
M= Y [|He1(Ag))? - |Hy_o(Ag, ) = TpBg-1.

T Th-1
A-—trees

Finally note that [04]t[0;] and [9k][0%]¢ have exactly the same nonzero eigenvalues
(including multiplicities). ]

Notation 3.5.
Ay, = [0x]" (0]
By, = [0541][0k+1)"

(The subscripts are chosen so that both A; and By are square matrices of the same
size |Ag| % |Agl.)
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4. The Special Case k=7r—1

Since our initial interest (Bolker’s formula) is in the values of ¥,_1, it is of
interest (in view of Theorem 3.4) to know the eigenvalues of A,_;.

Lemma 4.1. For DC{1,...,r}, let

op=n
gD
mp=[[(ri-1)
€D
(with the conventions: Empty sum = 0, empty product = 1). The eigenvalues of
Ayp_1=[0,_1]![0,—1] are then:

op with multiplicity 7, where D passes over all subsets of {1,...,r}.

Corollary 4.2.
Tro1Xpog = H O'BD
d<r-1
where D passes over all subsets of {1,...,7} s.t. d=|D|<r—1.
(These op are the nonzero eigenvalues mentioned in Theorem 3.4.)
Proof of Lemma 4.1. The entries of the matrix A,_; are

r §=5
A,_1(8,8)=4{1 |SnS|=r—-1 (8,8 € Ap_1).
0 |SnS|<r-2

Ordering the points of V according to color, we may consider A,_1 as a set of ordered
r-tuples and identify it with V7 x...x V,.. It is then obvious that

r
Ar-1 = Z A(l)
i=1

where A(®) is a 0-1 matrix having 1 only in places (S,S’) such that S, §' differ (at
most) in their i-th coordinate. This can be conveniently expressed by using tensor
products:

AV =ne. . . 9L 19,8 L1®..0 (1<i<r)

where
I; = identity matrix of the proper size (n; X n;),
J; = matrix (of size n; x n;) with all entries equal to 1.

Now, if — for all 1<i<r — we choose an eigenvector v; of J; corresponding to
the eigenvalue A;, then 11 ®...®v, will be an eigenvector of A,_1 corresponding to
the eigenvalue A +...+ A,. Obviously, each J; has a set of n; linearly independent
eigenvectors: One of them corresponds to the eigenvalue n;, and the other n; —1
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correspond to the eigenvalue 0. This leads to a basis of eigenvectors for A,_1, of the
form {v=v;®...®v,|v; is an eigenvector of J; (1<i<r)}. For each such vector v
define a set DC{1,...,r} by

D = {i| Jyv; = 0}.

r
A _jv= Zﬁ(z)v = Z n;v = opv,
i=1 i¢D
and the number of such vectors v with a given set D is

H(ni—l)-lewD. |

i€D i¢D

Then

5. Proof of the Main Theorem

In the previous section we found the eigenvalues of A,_1 and could therefore
compute X,._1X,_9. Unfortunately, this is not sufficient to obtain X,_1. In order to
get X, itself we will have to compute 3 X _; for all 1<k <r—1 and use the initial
values Lg=|V|=n (a 0-dimensional tree consists of single vertex) and ¥_;=1.

There still remains a problem: We cannot compute directly the eigenvalues of
Ay, = [0x]t[0k] for general k, because of the complicated block-structure of Ay (the
extreme cases k=7 —1 and k=0 are exceptionally simple). Moreover, we know that
Bj,_1=[04][0k]! has the same nonzero eigenvalues as Ay — but we cannot work with
By, either (for general k) for the same reason. Our solution is to consider Ay + By.

Proof of Theorem 1.5. Let M, = Ay + By, = [03]2[0k] + [Ok41][0k+1)¢- For a pair of
k-simplices S, S’ € Ay, Ag(S,8’) is the “number” of (k — 1)-simplices contained in
SNS’ (the common children of S and S') and By(S,S’) is the “number” of (k+1)-
simplices containing SU S’ (their common parents). “Number” here has, of course,
an appropriate sign (depending on S and §').

Consider the following simple observations:

(i) If S and S’ have no common children (i.e. |[SNS’ <k) then they also have no
common parents (since then |SUS'|>k+2).

(ii) If S and S’ have common children but have different color-sets (the color-set of
Sis {1<i<r|SNV;#0}) — then S and S’ have a unique common child and
also (necessarily k #r —1) a unique common parent. Moreover, A;(S,S’) and
By(S,8") have different signs, so that My(S,S")=0.

We have seen so far that My (S,S’)=0 unless S and S’ have the same color-set.

Therefore M}, is a direct sum of its square sub-matrices My (C) corresponding to the

various color-sets C:

My= @ M(C)
ce({h)
where

(k[:_]1> ={C|Cg['r]'=‘{l,...,1‘}, ,|,C|=k+1}
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and My (C) is the sub-matrix of M} containing only rows and columns corresponding
to the S€ Ay with color-set C.
Now, every matrix M} (C) = Ag(C)+By(C) (obvious definitions) can be analyzed
as follows:
(i) Ag(C) is the matrix of common children ([0'{8;]) for the k-dimensional
simplices in the k-dimensional complete colorful complex with color-partition
{V;]i€C}. Therefore Lemma 4.1 applies and the eigenvalues of Ay (C) are:

op = Z n;, with multiplicity 7p = H (n, —1) (VD CC).
i€C\D €D
(ii) Bi(C)=0cI is a scalar matrix (o= ) n;), since different simplices with
igC
the same color-set have no common parent.
Summing up, the eigenvalues of M (C) are:

op=o0p+oc= Z n;, with multiplicity 7p = H("l -1) (YD CC).
i¢D i€D
Since, for every D C [r] with |D| = d,

{CE (k[fl)wgc}' = (k:;fd)

Lemma 5.1. The eigenvalues of My = Ay + By, are:

. e r—d _ r—d
op = Zni, with multiplicity (k+1 3 d)WD = <k+ 1 —d) H(nl - 1),
i¢D €D

we obtain

where D may be any subset of [r] satisfying d=|D|<k+1.
We still have to find the eigenvalues of A (or By).
Lemma 5.2.
Proof. Follows immediately from the definitions of A; and By and from the funda-
mental property [9][0k+.1]=[0kk+1]=0. |

Lemma 5.3.
(i) The multiset of nonzero eigenvalues of My, is the (multiset) union of the multisets
of nonzero eigenvalues of Ay, and By.

(ii)

r—d
ShaZiZio1= ] o%““’)"" (0<k<r-2),
d<k+1
where the product is over all DC[r] with d=|D|<k+1.

Proof.
(i) Ay and By, are commuting real symmetric matrices (by Lemma 5.2), and there-
fore there is a basis {v1,...,vx} of common eigenvectors (N =|Ag|). Let oy, 5;
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and u; be the eigenvalues of A, By, and My, (respectively) corresponding to the
eigenvector v;.

ApBr = 0= (Vi)a;8; = 0= (Vi)(a; =0 or §; =0),

Bi a;=0, 3;#0
sothat ;=0 + ;= & a; #0, 3;=0
0 o0,=p5=0

This proves (i).
This follows from (i), Lemma 5.1 and the fact (Theorem 3.4} that the product
of all nonzero eigenvalues of Ay(By) is TxXg_1 (Xg4+1Zk, respectively). 1

To complete the proof of Theorem 1.5 note that Lemma 5.3(ii) determines all

Y, given the values of ¥_1 and Xy. The expressions for ¥, in Theorem 1.5, together
with ¥_; =1 and Xy =mn, satisfy the equations of Lemma 5.3(ii} and are therefore
correct for all values of k. (Note that the formula in Theorem 1.5, although stated
only for 1<k<r—1, gives the correct values ¥ _;=1, ¥g=n and X, =0 for k>r.)

(a)

6. Concluding Remarks

One should note the central role played (in the proof of the main theorem) by
the matrix
My = Ay + By = [0k]'104] + Ok 11 [0k 11

which represents the Laplacian operator 65,10y + 04165 on Cp(A). (Here 8y:
Cy — Ci_q and 6 : Cp — Cj; are the boundary and coboundary maps on
C}, respectively.) In our case M}, could be conveniently expressed as a direct
sum, thus facilitating further computations. This phenomenon might occur in
other situations as well. For example, let Aq,...,A;, be simplicial complexes on
disjoint vertex-sets Vi,...,V,. Their free join A=Ayx*...xA, is the simplicial
complex on the vertex-set V=V, U...UV, defined by:

A={S51U...U8 | (Vi)S; € A;}.

Note that if Ay,..., A, are 0-dimensional (i.e., composed of isolated points only)
then A is the full colorful complex being dealt with so far. In any case, Mi(A)
may be expressed as a direct sum of sums of tensor products (like those appearing
in the proof of Lemma 4.1, but with suitable M;(A;) instead of J; = Ap(4;)).
More elaborate versions of Theorem 1.5 may be proved by suitable modifications
of the method outlined in this paper. One may consider, for example, the
enumeration of k-dimensional A-trees according to their sequences of vertex-
degrees (described in [6] for the “uncolored” case ny=...=n, =1). See also [7,
p.41] for similar results concerning 1-dimensional trees.

Qur initial interest was in Bolker’s formula for £, _1. The problem was that even
having found all the eigenvalues of A,_; (which we did in Section 4) we only
knew the product X,_1Z,_2; and in order to recover X,_ itself we had to deal
with A (and By) for all values of k.

An alternative way is to find a matrix which has ¥,_; as the product of its
nonzero eigenvalues. By the arguments of Section 3, this may be achieved if
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we replace A,.1 =[8r_1]*[8r_1] by Ar—1=D!D, where D= [Or-1]TA,_, is the
sub-matrix of [8,—1] with rows corresponding to the (r — 2)-simplices in some
fized (r—2)-dimensional A-tree T (say with H._3(A7)=0). This is, in fact, the
method used in [6] to deal with the case n; =...=n, =1. For the reader who
may wish to pursue this route we offer the following natural candidate for a k-
dimensional A-tree T (with Hy_1(Ap)=0), suggested by the formula in Lemma
2.2:
Choose an element z; € V; (“head”) for each color 1 <¢ <r. To each colorful
subset S of V (|SNV;| <1 for all ;) assign a signature xyg=(¢1,...,&,) €{1,0,-1}"
by:

1 50V, consists of the head of V;

g, =14 —1 8NV consists of a non-head of V;

0 SNnV;=0.
The A-tree T then consists of all colorful S CV with signature xg=(eq,...,&r)
satisfying:

T
) Y leil=k+1 (S is k-dimensional).
i=1

(ii) There is an index 1<4g <7 s.t. £,;=1 and ¢;=—1 for 1 <3y.

Different such A-trees may be obtained by changing the order of the r colors.
In the special case nj =...=n, =1, this tree consists of all the k-dimensional
faces of the (n—1)-dimensional simplex which contain a fixed vertex (the unique
element of V;).

(d) (Due to A. Frumkin.) The computation of the eigenvalues of Ay (and By) in
the special case ny=...=n, =1 (leading to Theorem 1.4) may be accomplished
also through the representation theory of the symmetric group Sy, as follows:
The natural action of Sy, on the set V of vertices of A induces an action of S,, on
each rational chain group Cy(A;Q), which may be viewed as the exterior power
AF+1Qn. 1t is well-known that, as a QSp-module, AX+1Q" = M; ® M), 1 where
M, is the irreducible QSn-module corresponding to the hook of (size n and)
height k+1 (dim, . The boundary map J), and the coboundary map
61 are obviou ?y homomorphlsms of Q9,-modules:

8, bk—
M, e My EM_ M, 2 M ® M.

The matrix Ag = [0x]t[0k] = [6k—10k] represents their composition. By Schur’s
lemma one gets O =0, 6 = ai] (for a suitable constant ay) and
M4 My

similarly 6k_1,M =0, 85 1' =B,1. Therefore 610, = akﬁkll eao'

M4
has only one nonzero elgenvalue

trd; _ (kr)(k+1)
CdimM ("))

:n’

with multiplicity dim M= ("¢ 1).



260

(1]
(21

{3
[4]

15
(6]

17
18]
(9]

RON M. ADIN : COUNTING COLORFUL MULTI-DIMENSIONAL TREES

References

T. L. AusTIN: The enumeration of point labelled chromatic graphs and trees, Canad.
J. of Math. 12 (1960), 535-545.

E. D. BoOLKER: Simplicial geometry and transportation polytopes, Trans. AMS 217
(1976), 121-142.

A. CAYLEY: A theorem on trees, Quarterly J. of Math. 23 (1889), 376-378.

M. FIEDLER and J. SEDLAGEK: O W-basich orientovanych grafi, Casopis pro péstovdni
matematiky 83 (1958), 214-225.

F. R. GANTMACHER: The Theory of Matrices, Chelsea, 1960.

G. KALAL: Enumeration of Q-acyclic simplicial complexes, Israel J. of Math. 45 (1983),
337-351.

J. W. Moon: Counting Labelled‘:l‘rees, Canadian Mathematical Congress, (1970).

J. R. MUNKRES: Elements of Algebraic Topology, Benjamin/Cummings, 1984.

E. H. SpanIER: Algebraic Topology, McGraw-Hill, 1966.

Ron M. Adin

Institute of Mathematics
Hebrew University, Jerusalem

Israel

Current address:

Department of Mathematics

Bar-Ilan University
Ramat-Gab 52900
Israel
radin@bimacs.bitnet



